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We present a novel approach in constructing deviations of the Kerr spacetime whereas the symme-
tries can be preserved. The method was applied trivially in all known classical black-hole spacetimes
tested, while provides the possibility of testing and inventing deformations of Kerr in a quick and
innovative way. The methodology is based on earlier work by Benenti and Francaviglia [1] on sep-
arability of geodesic equations while we exploited the elegant properties of Yano tensor in order to
provide an additional way of getting the Carter constant.
PACS numbers: 04.50.Kd,04.70.Bw,04.25.Nx,04.30.-w,04.80.Cc
I. INTRODUCTION
Black holes play an important role in our understanding of the Universe and fundamental interactions [2]. From
the point of view of the classical field theory, they are apparently the simplest objects ever known, because they can
be fully described by two parameters, mass and angular momentum (and, in cases of non-vacuum theories, also by
the corresponding charges). Black holes are essential for the formulation of the renown gauge/gravity duality [3],
allowing one to investigate the strongly coupled fields theories, as well as to get an insight into quantum gravity.
The great leap made during recent years in astronomy has brought the black hole topic from the theoretical area
to an experimental one. The next generation of X-ray missions will be able to detect with unprecedented accuracy
the spectrum of the radiation generated from the inner part of the accretion disk [4]. Observation of the shadow
cast by supermassive black holes might be possible though the international effort consisting in combining data
from various radio-telescopes (the Event Horizon Telescope) [5, 6]. More recently the sensational observations of
gravitational waves, by the LIGO and VIRGO collaborations, from the merger of two black holes [7–9] opened a new
era in astronomy, astrophysics, and gravitational theory.
In the weak field regime Einstein’s gravity was confirmed up to a few orders of post-Newtonian expansion. The
detection of gravitational waves [7–9] is the first test of strong gravity regime that cannot be effectivelymodelled only
within the post-Newtonian approach. Although Einstein’s theory is consistent with the experiment, the current,
rather large, indeterminacy in the measurement of the black hole mass and angular momentum leaves also the
window for alternative theories open [8, 10, 11]. According to the planned increasing of the accuracy in the advanced
LIGO [8], the parametric indeterminacy cannot be completely constrained and the window for alternative theories
should remain open.
An opportunity to measure possible deviations from Einstein’s gravity is to test the geometry of black hole event
horizon with electromagnetic radiation or by analysing the quasi-normal mode ringing of the newly created black-
holes [8, 12–14]. This can be achieved by constraining possible deviations from the exact solution of the vacuum
Einstein equations, representing axially symmetric, asymptotically flat black hole - the Kerr solution [15]. The Ein-
stein theory, being one of the simplest among existing theories of gravity, leads to quite complicated equations for
arbitrary axially symmetric space-time and, usually, an Ansatz is necessary for finding a new exact solution of this
kind. Therefore, it is not surprising that no much progress has been made in finding other axially symmetric black
hole solutions during more than fifty years after Kerr’s original work [15].
The list of exact solutions for four-dimensional axially symmetric black holes is limited by a few Kerr-like space-
times with extra parameters, which include electric and/or magnetic charges [16–19]. These known generalisations
of the Kerr solution mostly are not interesting for astrophysics, because the value of the electric charge is negligibly
small, while the magnetic charge has not been observed at all. The Kerr metric (in Boyer – Lindquist coordinates), is
Petrov-type D and admits four constants of motion i.e., the particle rest mass µ , its energy E , the angular momentum
about the z-axis Lz, and the Carter constant.
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2In this way, we have a situation in which there are a number of alternative theories of gravity, emanating from the
need to answer fundamental questions related to the hierarchy problem, the dark energy and dark matter problem,
the nature of curvature singularities, the construction of quantum gravity, etc. These alternative theories produce
the same post-Newtonian behaviour, but, when considering the strong gravity regime near the black hole event
horizon, no exact solutions for astrophysically relevant rotating black holes are known except the one in the Einstein
theory - the Kerr solution. Thus, the starting point for testing alternative theories of gravity should be constructing
viable models for a rotating black hole in these theories and using a way of measuring the potential deviations [20]
in the spirit of the PPN approximation. By now, due to the above complexity in finding new axially symmetric exact
solution, there are only approximate black hole metrics obtained either perturbativelly in the regime of slow rotation
and weak coupling or numerically in a few theories of gravity, such as dynamical Chern-Simons or Einstein-dilaton-
Gauss-Bonnet ones [21–24]. The perturbative metrics cannot be applied to highly or even moderately rotating black
holes and considerable values of coupling constants.
A number of spacetimes deviating from Kerr has already been proposed for testing the “no-hair theorem” via ob-
servations in both electromagnetic and gravitational wave spectra [25–31]. The majority of them is verymuch similar
to the Kerr at the weak field or/and slow rotation limit but there may present significant deviations in the strong
field regime. These somehow ad-hoc createdmetrics may endowed by two commuting Killing fields but they do not
admit the “fourth” constant which characterises the Kerr spacetime i.e., the Carter constant. Carter’s constant [32, 33]
is extremely important for the determination of the observable quantities since they simplify significantly (separate)
the equations of motion. Actually the Hamilton-Jacobi equations are separable in all four coordinates making the
geodesic equations integrable. Johannsen [34] designed a Kerr-like black hole metric which is regular outside the
horizon, has three constants of motion and depends on four extra functions characterising the deformation. In early
2018, Konoplya et al.[35] presented a class of axisymmetric and asymptotically flat black-hole spacetimes for which
the Klein-Gordon and Hamilton-Jacobi equations allow for the separation of variables. More recently, Glampedakis
and Pappas [36, 37] discussed the spherical photon orbits as a diagnostic of non-Kerr spacetimes.
Here we provide a criterion for testing if a given spacetime admits a “fourth” constant. This criterion originally
was tested for trivial spacetime cases and subsequently it was used to examine the existence of the Carter integral for
the two most popular deformations of Kerr spacetime. These are the “quasi-Kerr” case [25] and the metric designed
by Johannsen [34].
The paper is organised as follows: in Section II we give an invariant proposal on how to construct alternative
geometries for axisymmetric spacetimes admitting which are black-hole solutions (which one could call “Kerr defor-
mations”) under the fundamental assumption of the preservation of the Kerr features like the Carter constant and
the asymptotic flatness. In subsection III we apply our scheme to some interesting cases. Initially, we test the simple
cases (Kerr, Kerr-Newman, Kerr-Sen,. . . ) known to admit a “fourth” constant. Then we examine the “quasi-Kerr”
case [25] and the metric suggested by Johannsen [34].
The paper concludes with a discussion section and two Appendices; in the first we present the theorem on which
the technique presented here is based, while in the second a short study on the existence and integrability of Yano
tensors, and their relation to the Killing tensors is presented, thus putting the mathematical foundations for the
statement of the invariant proposal.
II. ALTERNATIVE BLACK HOLE GEOMETRIES: AN INVARIANT PROPOSAL
Right from the outset it will be assumed that any alternative geometry meant to describe a physical black hole,
must share at least the properties of the Kerr metric; in other words the two commuting Killing vector fields (one
time-like and one space-like) and the notion of the Carter constant must be preserved. From the physical point of
view, this preservation is tantamount to the separation of those Hamilton-Jacobi equations which correspond to the
geodesic equations for a test particle
gi j∂iS∂ jS = const. ∈ R (1)
Indeed, the separability is closely connected with the existence of a fourth (quadratic in momenta) integral of motion
[1, 38] which is identified as the Carter constant; the first integral is the invariant proper mass, the second is the
energy, and the third is a component of the angular momentum of the test particle.
Using a theorem provided by Benenti and Francaviglia [1, 39, 40] (see detailed presentation in Appendix A) and
after a thorough analysis, one arrives at the following result: there exists a local coordinate system (r,x,φ , t) of the
Boyer-Lindquist type, compatible with the separability of the Hamilton-Jacobi (1) (with n = 2 in the theorem to be
3found in the Appendix A), such that the contravariant form of the underlying metric tensor assumes the form
gab =
1
A1(r)+B1(x)


A2(r) 0 0 0
0 B2(x) 0 0
0 0 A3(r)+B3(x) A4(r)+B4(x)
0 0 A4(r)+B4(x) A5(r)+B5(x)

 (2)
while the corresponding (non trivial) contravariant Killing tensor (of rank two) reads:
Kab =
1
A1(r)+B1(x)


A2(r)B1(x) 0 0 0
0 −B2(x)A1(r) 0 0
0 0 B1(x)A3(r)−A1(r)B3(x) B1(x)A4(r)−A1(r)B4(x)
0 0 B1(x)A4(r)−A1(r)B4(x) B1(x)A5(r)−A1(r)B5(x)

 (3)
Obviously, the metric tensor field admits the symmetries of the Kerr black hole, i.e., the two Killing vector fields
related to the axial symmetry.
This theorem is an extremely useful tool both in testing proposed solutions but also in trying to construct solutions
that deviate from Kerr but still share its symmetries. Moreover, using this theorem and the invariant proposal one
can give to the notion of asymptotic symmetry a concise meaning: a Kerr deformation is asympoticaly endowed with a
Carter constant if and only if at large distances (r → ∞) assume the prescribed form.
Now we are in position to state the invariant proposal:
Proposition II.1. Any alternative geometry meant to describe the physics of a black hole, deviating smoothly from the Kerr
black hole, must be
(i) susceptible either to an algebraically general Yano tensor of rank two, in which the two distinct eigenvalues supposed to
be non constant, or to a non trivial Killing tensor of rank two along with two non null, and commuting, Killing vector
fields;
(ii) asymptotically flat .
The next section is devoted to a few examples to be found in the relevant literature, all indicating that they comply
with our proposal.
III. APPLICATIONS
A. Testing the classical cases
Here we examine how the central statement, defined earlier, is applied to a list of classical examples. In the litera-
ture, there exist various black hole geometries ; some from the realm of General Relativity [41] (like, Schwarzschild,
Reissner-Nordstro¨m, Kerr and Kerr-Newman) and others from alternative theories like Strings (e.g., the Modified
Kerr [11], and the Sen [17]).
All these metrics can be unified in a single 6-parametric family. Indeed in a local coordinate system, which is
part of the atlas of the manifold, say that of Boyer-Lindquist xa = (r,x,φ , t), (cosθ = x) one can choose the following
coframe:
ω1 =
√
ρ
∆
dr , ω2 =
√
ρ
1− x2
dx , ω3 =
√
1− x2
ρ
(adt− f dφ) , ω4 =
√
∆
ρ
(dt− a(1− x2)dφ) (4)
and the rigid metric
ηab =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1

 (5)
4where
∆ = r2+ a2− 2r(M− b)+ εQ2−H/r, (6)
ρ = r2+ a2x2+ 2br (7)
f = r2+ a2+ 2br (8)
so that the line element reads g = ηabω
a ·ωb. The various constants entering in the line elements are, mass (M),
angular momentum per unit mass (a), charge (Q) and some magnetic multiple moment (say b in the simplest case)
per unit mass.
Then this line element describes
1. the Kerr-Newman black hole when only M 6= 0, a 6= 0, ε = 1 and Q 6= 0
2. the modified Kerr black hole when only M 6= 0, a 6= 0 and H 6= 0
3. the (Kerr-)Sen black hole when only M 6= 0, a 6= 0, b 6= 0
The entire 6-parametric family admitsmetrics which can be brought in the form given by equation (2) and complies
with the conditions of the theorem A.1. Indeed, one can verify that the allocations
A1(r) = r
2+ 2br (9a)
A2(r) = ∆ (9b)
A3(r) =−
a2
∆
(9c)
A4(r) =−
f
∆
a (9d)
A5(r) =−
f 2
∆
(9e)
B1(x) = a
2x2 (9f)
B2(x) = 1− x
2 (9g)
B3(x) =
1
1− x2
(9h)
B4(x) = a (9i)
B5(x) = a
2(1− x2) (9j)
identify the family with the prescribed metric. It is not hard to see (with e.g., the use of a Computer Algebra System)
that the first two metrics, which are of Petrov type D, are susceptible to (the same) algebraically general Yano tensor
(in coframe components)
Y
(1,2)
ab =


0 0 ax 0
0 0 0 r
−ax 0 0 0
0 −r 0 0

 ⇒ K(1,2)ab =


−a2x2 0 0 0
0 −r2 0 0
0 0 a2x2 0
0 0 0 −r2

 , (10)
or
K
(1,2)
ab = Y
(1,2)
am η
mnY
(1,2)
nb , (11)
which, in turn, gives rise to the two manifest Killing vector fields (along with the induced Killing tensor of order
two).
The third metric (Sen), which is of Petrov type I, does not admit a Yano but rather a Killing tensor [42] along with
one (essentially, two) manifest Killing vector fields (coframe components)
K
(3)
ab =


−a2x2 0 0 0
0 −2br− r2 0 0
0 0 a2x2 0
0 0 0 −2br− r2

 . (12)
5Obviously, at large distances (r→∞ or, equivalently when b→ 0) then K
(3)
ab → K
(1,2)
ab , and asymptotically the Kerr-Sen
metric admits a Yano 2-form.
At this stage, and under the point of view of the theorem, one could ask: what is the usefulness of the Yano tensor?
The answer to this reasonable question is threefold. On one side one can construct deformations which preserve the
form of the Yano tensor (and thus the form of the induced Killing tensor as well). For instance, the Modified Kerr
solution [11] is gained by a simple transformation
M →M+
H
2r
(13)
a transformation which leaves the Yano tensor invariant. On the other hand a simpler (and thus, coarse) classification
of those deformations which are based on the existence of a Yano tensor is permitted. Finally, one could prescribe
a Yano tensor for a hypothetical model and, by using the equations found in the Appendix B, one could estimate
the features of the compatible (to the prescribed Yano) Ricci tensor, and thus, via some related field equations, the
corresponding energy momentum tensor.
B. The quasi-Kerr spacetime
The effort to test the no-hair theorem led to proposal which either involved spacetime perturbations [43] or a
multipolar expansion [44, 45]. In this spirit Glampedakis & Babak [25] proposed the so called “quasi-Kerr” spacetime
by using the Hartle-Thorne [46, 47] formalism to add terms describing a slowly rotating body. Their formalism
provides an expansion up to the quadrupole order and has a quadrupole moment Q that is independent of both
mass and spin. This metric is stationary, axisymmetric and asymptotically flat whilst it reduces to the Kerr metric
in the absence of deformation. The quasi-Kerr metric used extensively over in the last decade in most of the studies
related to astrophysical test of the non-hair theorem and in general testing of the Kerr solution.
In relation to our study, the quasi-Kerr metric admits separability of the Hamilton-Jacobi equation only for equa-
torial orbits. For arbitrary orbits, the Carter constant cannot be found and the only remaining way is the numerical
intergration [48]. It is not difficult, following the conditions set in the previous section, to verify the last statement
i.e., the absence of a Carter constant.
C. A realistic example: the Johannsen metric
The Johannsen metric [34], constructed to admit a Carter constant, obviously complies with the conditions of the
theorem. Indeed, a tedious yet straightforward procedure shows that the needed allocations are
A1(r) = r
2+F (r) (14a)
A2(r) = ∆(r)A5(r) (14b)
A3(r) =−
a2
∆(r)
A2(r)
2 (14c)
A4(r) =−
f
∆
aA1(r)A2(r) (14d)
A5(r) =−
f 2
∆(r)
A1(r)
2 (14e)
B1(x) = a
2x2 (14f)
B2(x) = 1− x
2 (14g)
B3(x) =
1
1− x2
(14h)
B4(x) = a (14i)
B5(x) = a
2(1− x2) (14j)
where the deviation functions A1(r), A2(r), A5(r) and F (r) were chosen to be described in terms of power series
of M/r by Johannsen [34]. The functions ∆ and f are described via the equations (6) and (8).
6So, the main examples in the literature obey all the conditions of the suggested invariant proposal.
The similarity in the structure of the classical metrics in subsection III B with the structure invented by Johannson
[34] indicates that there is a simple way in generating deviations to the known metrics whilst preserving their main
symmetries. By following the approach suggested here one can avoid the ingenious but still quite laborious effort of
Johannson in constructing this type of spacetimes.
It should be underlined the fact that the metric tensor field (2) is the most general one can have. It includes all
the Petrov type D solutions (like Kerr, modified Kerr, etc.) but also the Petrov type I as well (e.g., Sen metric). On
the other hand the Johannsen metric is just a sub case of the proposed metric. Indeed there no proper allocations
for the parameters of the Johannsen metric to include the Sen metric. Never the less, it seems that the Johannsen
metric is the most general one when it comes to the type D solutions. Of course such an estimation needs verification
–something which is beyond the goals of the present paper, especially from the point of view of the generality of the
proposed solution.
IV. DISCUSSION
In the literature, one can find many alternative models to general relativistic black holes (most prominently, of
the Kerr BH). Nevertheless, it is the physics that poses a minimum of requirements governing these models. For
instance, the preservation of axial symmetry and the separation of the geodesic equations seem to comprise that
minimum. In the present paper, based on that minimum of physical requirements, we present a concise treatment of
this problem by
• giving a precise meaning to the notion of “Kerr deformation”,
• proposing an invariant criterionwhich not only allows to check the viability of one’s model but also to construct
alternative models endowed ab initio with the minimum of physical properties,
• giving a precise meaning to the notion of “asymptotically symmetric model”,
• in some cases (i.e., when a Yano tensor is permitted) we give a neat way of a (coarse) classification of the model
which, at the same time, offers a naive way for proposing models.
This some how technical work will be followed with applications in astrophysics i.e., in constructing wave equa-
tions under these very general conditions, applications to the studies of black-hole shadows and iron lines.
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Appendix A: The Theorem upon which the proposal is based
Based on a simple train of thoughts one arrives at the proposal of Section II. Its purpose is to describe the physics
of a black hole, deviating smoothly from the Kerr black hole. This is not a trivial task, but luckily Benenti and
Francaviglia [1, 39, 40] proved the following, extremely useful, theorem:
Theorem A.1. A manifold (M ,g) admits a local separability structure, for the Hamilton-Jacobi system (1), if and only if the
following conditions hold:
(i) there exist (locally) n independent, commuting Killing vectors X(a),1≤ a≤ n
(ii) there exist (locally) 4− n independent, commuting (a` la Schouten–Nijenhuis) Killing tensors K(a) which are annihilated
by the Killing vectors
(iii) the Killing tensors have in common 4−n commuting eigenvectors such that they are perpendicular to the Killing vectors
and also annihilated by them.
7Appendix B: On Yano and Killing tensors of rank two
Here we prove that the existence of an algebraically general Yano tensor of rank two, with non constant eigenval-
ues leads to the existence of two commuting Killing vector fields and the Carter’s constant.
The very existence of a Carter constant presupposes the existence of a Killing tensor (the simplest being a tensor
of rank two). Now, there are two cases for that Killing tensor; either it is induced by a Yano tensor (as its ‘square’)
or it is not. In any case, the susceptibility to a Killing tensor is closely related to very interesting properties like the
separation of variables for various relative (to the geometry) partial differential equations, e.g., the Hamilton-Jacobi
systems etc. [38]. In the second case, the Carter constant is given from the beginning, while in the first case things are
less trivial. Indeed, let an algebraically general Yano tensor of rank two. Its matrix rank will be four, while the two
defining eigenvalues are supposed to be non constant. The assumed Yano tensor corresponds to a 2-form satisfying
the defining relation
∇(cYb)a = 0, and Y(ab) = 0 . (B1)
Its is obvious that the previous definition renders the first covariant derivative of the Yano tensor, which corresponds
to a 3-form, completely antisymmetric; thus it can be seen as the Hodge dual of a 1-form, say,X :
∇cYab = εabcmX
m (B2)
or in exterior calculus notation dY = ⋆X which, since d2(. . .) = 0, the previous relation implies that d ⋆X = 0. In
other words, the covariant divergence of the corresponding (co)vector vanishes (∇ ·X = 0). In view of (B2) one can
get an alternative (yet equivalent) definition for the Yano 2-form
∇c(⋆Y )
ab = 2X [aδ
b]
c . (B3)
Using the Ricci identities and the definition of the Yano tensor (B1) one can get the following integrability condi-
tions:
2∇d∇cYab = 2YmaR
m
dbc +YmbR
m
acd +YmcR
m
adb +YmdR
m
acb (B4)
which, in turn, result in
Yma(R
m
dbc +R
m
cbd)+Ymb(R
m
dac +R
m
cad)+Ymc(R
m
adb +R
m
bda)+Ymd(R
m
acb +R
m
bca) = 0 (B5)
while a further contraction gives
YmaR
m
b +YmbR
m
a = 0 . (B6)
Moreover, in a similar fashion using the Ricci identities, the definition of the Hodge dual Yano tensor (B3) and the
fact that ∇ ·X = 0, one can get the following integrability conditions:
2∇(bXa) =−(⋆Y )(a|m|R
m
b) . (B7)
An immediate consequence of the property of algebraic generality and equation (B6) is that the Ricci tensor as-
sumes such a form thatX is a (real), as per of equation (B7), Killing vector field.
This is the proper point in the analysis, to ask about the behaviour of the Yano tensor under the Lie dragging
with respect the Killing vector field X . First of all, a key observation: a tedious yet straightforward calculation can
show that the Lie derivative with respect a Killing field and the covariant derivative, as operations, commute – so in
particular it is
[£X ,∇a](any tensor)
X
=
KVF
0 . (B8)
Thus
[£X ,∇a]Ybc = 0 (B9)
which, in view of (B2) implies that
∇a£XYbc = 0 (B10)
8i.e., the Lie derivative of the Yano tensor with respect the vectorX is covariantly constant. Let
£XYbc =Cbc (B11)
where Cbc is an antisymmetric, covariantly constant tensor. Now taking the Lie derivative, with respect X , of the
(B4) —in view of the previous points— implies that the components of Cbc all vanish, thus
£XYbc = 0 . (B12)
It is natural to examine whether there are further, induced and based on the Yano tensor, symmetries. The simplest
possible candidate is the vector field
Ha = Y abY
b
cX
c (B13)
for, it is simpler to consider quantities which depend only on the Yano tensor rather than on its covariant derivatives.
Never the less, one can read off from the previous definition a Killing tensor of rank two, i.e.,
Kab = Yamη
mnYnb, and ∇(aKbc) = 0 (B14)
The next natural question is about the Lie dragging, with respect the Killing vector fieldX , of the Killing tensor. On
one hand, since (B12) and (B14) hold one concludes that
£XKab = 0 (B15)
on the other hand, using the very definition of the Lie derivative for a covariant tensor of rank two and the definition
(B13), one arrives at
£XKab = 2∇(aHb) (B16)
so
£Hηab = 0 (B17)
i.e., there is yet another Killing vector field. Finally, due to (B15), one can easily prove that the two Killing vector
fields commute.
Thus, the initial assumption on the existence of an algebraically general Yano tensor of rank two, with non constant eigenval-
ues leads to the existence of two commuting Killing vector fields and the Carter’s constant – via the induced, by the Yano tensor,
of a Killing tensor of rank two.
The very existence of a Killing tensor of order two leads to the Carter constant; an integral of the geodesics. Indeed,
let U be a geodesic field with affine parameter τ
Ub∇bU
a = 0 (B18)
then the quantity C ≡ KabU
aUb remains constant along the geodesic curve, since
£UC = £U (KabU
aUb) = ∇(cKab)U
aUbUc +Kcb(∇aU
c)UaUb +Kca(∇bU
c)UaUb=0 (B19)
where we used the equations ∇(cKab) = 0 andU
b∇bU
a = 0.
To put it differently, the geodesic equations (in coordinate space)
x¨a +Γabcx˙
bx˙c = 0, where x˙a ≡
dxa
dτ
(B20)
admit an integral of a second order
C ≡ Kabx˙
ax˙b, with C˙ = 0 (B21)
if and only if
∇(cKab) = 0 (B22)
the proof being straightforward. Of course, the same result holds for the (equivalent to the geodesics equations)
corresponding Hamilton-Jacobi equation.
[1] S. Benenti and M. Francaviglia, General Relativity and Gravitation 10, 79 (1979).
9[2] V. Frolov and A. Zelnikov, Introduction to Black Hole Physics (OUP Oxford, 2011).
[3] J. Maldacena, Science 344, 806 (2014).
[4] S. N. Zhang, M. Feroci, A. Santangelo, Y. W. Dong, H. Feng, F. J. Lu, K. Nandra, Z. S. Wang, S. Zhang, E. Bozzo, and
et al., in Society of Photo-Optical Instrumentation Engineers (SPIE) Conference Series, Proc. SPIE, Vol. 9905 (2016) p. 99051Q,
arXiv:1607.08823 [astro-ph.IM].
[5] R.-S. Lu, A. E. Broderick, F. Baron, J. D. Monnier, V. L. Fish, S. S. Doeleman, and V. Pankratius, ApJ 788, 120 (2014),
arXiv:1404.7095 [astro-ph.IM].
[6] M. D. Johnson, V. L. Fish, S. S. Doeleman, D. P. Marrone, R. L. Plambeck, J. F. C. Wardle, K. Akiyama, K. Asada, C. Beaudoin,
L. Blackburn, and et al., Science 350, 1242 (2015), arXiv:1512.01220 [astro-ph.HE].
[7] B. P. Abbott, R. Abbott, T. D. Abbott, M. R. Abernathy, F. Acernese, K. Ackley, C. Adams, T. Adams, P. Addesso, R. X.
Adhikari, and et al., Physical Review Letters 116, 241103 (2016), arXiv:1606.04855 [gr-qc].
[8] B. P. Abbott, R. Abbott, T. D. Abbott, M. R. Abernathy, F. Acernese, K. Ackley, C. Adams, T. Adams, P. Addesso, R. X.
Adhikari, and et al., Physical Review Letters 116, 221101 (2016), arXiv:1602.03841 [gr-qc].
[9] B. P. Abbott, R. Abbott, T. D. Abbott, M. R. Abernathy, F. Acernese, K. Ackley, C. Adams, T. Adams, P. Addesso, R. X.
Adhikari, and et al., Physical Review Letters 116, 061102 (2016), arXiv:1602.03837 [gr-qc].
[10] V. Cardoso, E. Franzin, and P. Pani, Physical Review Letters 116, 171101 (2016), arXiv:1602.07309 [gr-qc].
[11] R. Konoplya and A. Zhidenko, Physics Letters B 756, 350 (2016), arXiv:1602.04738 [gr-qc].
[12] C. Bambi, A. Ca´rdenas-Avendan˜o, T. Dauser, J. A. Garcı´a, and S. Nampalliwar, ApJ 842, 76 (2017), arXiv:1607.00596 [gr-qc].
[13] C. Bambi, Reviews of Modern Physics 89, 025001 (2017), arXiv:1509.03884 [gr-qc].
[14] Z. Cao, S. Nampalliwar, C. Bambi, T. Dauser, and J. A. Garcı´a, Physical Review Letters 120, 051101 (2018),
arXiv:1709.00219 [gr-qc].
[15] R. P. Kerr, Physical Review Letters 11, 237 (1963).
[16] E. T. Newman, E. Couch, K. Chinnapared, A. Exton, A. Prakash, and R. Torrence,
Journal of Mathematical Physics 6, 918 (1965).
[17] A. Sen, Physical Review Letters 69, 1006 (1992), hep-th/9204046.
[18] R. C. Myers and M. J. Perry, Annals of Physics 172, 304 (1986).
[19] W. Chen, H. Lu¨, and C. N. Pope, Classical and Quantum Gravity 23, 5323 (2006), hep-th/0604125.
[20] K. Glampedakis, G. Pappas, H. O. Silva, and E. Berti, Phys. Rev. D 96, 064054 (2017), arXiv:1706.07658 [gr-qc].
[21] N. Yunes and L. C. Stein, Phys. Rev. D 83, 104002 (2011), arXiv:1101.2921 [gr-qc].
[22] D. Ayzenberg and N. Yunes, Phys. Rev. D 90, 044066 (2014), arXiv:1405.2133 [gr-qc].
[23] N. Yunes and F. Pretorius, Phys. Rev. D 79, 084043 (2009), arXiv:0902.4669 [gr-qc].
[24] B. Kleihaus, J. Kunz, S. Mojica, and E. Radu, Phys. Rev. D 93, 044047 (2016), arXiv:1511.05513 [gr-qc].
[25] K. Glampedakis and S. Babak, Classical and Quantum Gravity 23, 4167 (2006), gr-qc/0510057.
[26] T. Johannsen and D. Psaltis, ApJ 716, 187 (2010), arXiv:1003.3415 [astro-ph.HE].
[27] T. Johannsen and D. Psaltis, ApJ 718, 446 (2010), arXiv:1005.1931 [astro-ph.HE].
[28] T. Johannsen and D. Psaltis, ApJ 773, 57 (2013), arXiv:1202.6069 [astro-ph.HE].
[29] A. E. Broderick, T. Johannsen, A. Loeb, and D. Psaltis, ApJ 784, 7 (2014), arXiv:1311.5564 [astro-ph.HE].
[30] V. Cardoso, P. Pani, and J. Rico, Phys. Rev. D 89, 064007 (2014), arXiv:1401.0528 [gr-qc].
[31] R. Konoplya, L. Rezzolla, and A. Zhidenko, Phys. Rev. D 93, 064015 (2016), arXiv:1602.02378 [gr-qc].
[32] B. Carter, Communications in Mathematical Physics 10, 280 (1968).
[33] B. Carter, General Relativity and Gravitation 41, 2873 (2009).
[34] T. Johannsen, Phys. Rev. D 88, 044002 (2013), arXiv:1501.02809 [gr-qc].
[35] R. A. Konoplya, Z. Stuchlı´k, and A. Zhidenko, Phys. Rev. D 97, 084044 (2018).
[36] G. Pappas and K. Glampedakis, ArXiv e-prints (2018), arXiv:1806.04091 [gr-qc].
[37] K. Glampedakis and G. Pappas, ArXiv e-prints (2018), arXiv:1806.09333 [gr-qc].
[38] L. Eisenhart, Riemannian Geometry (Princeton University Press, 1997).
[39] S. Benenti and M. Francaviglia, Ann. Inst. Henri Poincare´, Nouv. Se´r., Sect. A 34, 45 (1981).
[40] S. Benenti and M. Francaviglia, in General relativity and gravitation, Vol. 1 (Plenum, New York-London, 1980) pp. 393–439.
[41] C. W. Misner, K. S. Thorne, and J. A. Wheeler, Gravitation (San Francisco: W.H. Freeman and Co., 1973).
[42] K. Hioki and U. Miyamoto, Phys. Rev. D 78, 044007 (2008), arXiv:0805.3146 [gr-qc].
[43] N. A. Collins and S. A. Hughes, Phys. Rev. D 69, 124022 (2004).
[44] F. D. Ryan, Phys. Rev. D 52, 5707 (1995).
[45] V. S. Manko and I. D. Novikov, Classical and Quantum Gravity 9, 2477 (1992).
[46] J. B. Hartle, ApJ 150, 1005 (1967).
[47] J. B. Hartle and K. S. Thorne, ApJ 153, 807 (1968).
[48] E. Berti, F. White, A. Maniopoulou, and M. Bruni, MNRAS 358, 923 (2005), gr-qc/0405146.
